














Mathematical Intentions, page 14

It turns out that, in the case of circles, ellipses, and hyperbolas, the diameters are
exactly the lines that pass through the center. In the case of the circle, the ordinates are
always perpendicular to the diameter, but in the case of other conics this is not always
so (see). The ordinatewise direction is the set of chords which are all parallel to the
tangent line at the vertex of the diameter. It was surprising to me, at first, that such a
family of bisected chords existed except along an axis of symmetry. This is never
mentioned in modern discussions of conic sections, except in certain projective
treatments. Apollonius defines an "axis" as a special case of a diameter where the
family of bisected chords are perpendicular to the diameter.

Figure 16.
[Applet: EllConjDiam.html]

Figure 16 shows an ellipse with center C. Choosing an arbitrary point P on the
ellipse, PC is a diameter according to the Definition 4, because all of the chords parallel

to the tangent at P will be bisected by PC. Another property of conics demonstrated in
Apollonius is that the chord QQ! which passes through the center C has as its ordinates

(i.e. bisected chords) all chords parallel to PC. Hence the tangent at Q is also parallel to

PC. Apollonius called QQ! the conjugate diameter to PP!. This is an example of a
fundamental duality property of all conics.

Figure 17.
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Let us look next at these bisected chords and conjugate diameters on the
hyperbola (see Figure 17). It remains true that any line through the center, C, will

bisect all chords (e.g. Q') parallel to the tangent at the vertex P. There is a line

through center that is parallel to the ordinates with respect to PC, but which does not
intersect the curve. It is still, however, a conjugate diameter in the sense that any chord

parallel to PC will be bisected by this line through C. Such chords (e.g. PP") go
between the two opposite branches of the hyperbola instead of being contained within
one branch. Although this "conjugate diameter" does not intersect the curve,
Apollonius gives a finite length centered at C so that it has the same ratio properties as
in the elliptic case. This is a generalized version of what is usually done in classrooms
when a specific rectangle is constructed in the middle of a hyperbola having the
asymptotes as its diagonals.

5
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[Applet: ParabConjDiam.html]

Turning to the parabola adds more justification to Apollonius' definition of a
diameter. A parabola has no center (it is at infinity) but it does have many diameters.
Without projective methods, these diameters cannot be defined as lines through the
center. They turn out to be all lines which are parallel to the axis of symmetry (see
Figure 18). In this case none of the diameters intersect each other (unless one includes
the point at infinity), so there are no pairs of conjugate diameters, but any vertical line
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Mathematical Intentions, page 16

in Figure 18 (e.g. PC) will bisect all chords parallel to the tangent at its vertex P
(e.3.AQ=AQ’, BR=BR’,and CS =CS’).

Apollonius demonstrated ratio properties for each conic section, that, if
translated into algebra, and applied to the axes (in the Apollonian sense), would yield
our modern standard equations. He demonstrated, however, that these ratio properties
are true for any of his diameters. In modern algebra this implies that the form of the
equations of conic sections remains unchanged if we coordinatize the curve along
different diameters, provided we always use the ordinate direction appropriate to the
diameter (i.e. a non-perpendicular coordinate system using the direction of the bisected
chords). Only the constants (e.g. the latus rectum in the parabolic case) will have to be
adjusted. When we use our standard equations of conics (coordinatized
perpendicularly along the axes of symmetry), we can choose either the positive or
negative square root to find pairs of symmetrical points. This Apollonian bisection
property shows that this can also be done using any diameter, even if it is not an axis of
symmetry.

For example, in Figure 18, if we use the diameter at P, then for any point

C, we will have that CS*(= CS’*) will be proportional to PC. The right triangle CSD
will give us the appropriate new proportionality constant, relative to the axis the of
symmetry, by taking the ratio of the squares of CS toDS. For example let us assume
that the parabola in Figure 18 has the equation 1-y = x” with respect to the (axial)
perpendicular coordinates with the origin at the vertex. Suppose we then construct the
diameter (vertical line) through the point P =(1,]) and use parallel chords all having a
slope of +2 as our ordinates. Supposing that P =(1,1) in Figure 18, that is to say, let the
coordinates of the point Q on the parabola, be given in the new system as x” = AQ and
¥’ = PA; or of the point §, asx” = CS, and y’ = PC. The equation of the parabola in these

coordinates will be 5-y” = x”?, because the ratio CS*:DS” =5:1 (coming from a right
triangle with legs in a 2:1 ratio). For example, the points (2,4) in the axis system

becomes (\/g ,1) with respect to the diameter through P. The point (—\/g ,1) is on the

curve at the other end of the bisected chord. Putting the constant (i.e. 5) with y
preserves the dimensional integrity of the statement (i.e. it says that a rectangle equals a
square). Apollonius would say that the latus rectum with respect to the new diameter
is five times the latus rectum with respect to the axis. Such a statement avoids choosing
a unit.

To demonstrate the statements in the previous paragraph, look back at
Figure 12. If the cone is oblique such that the plane containing A, H, and G is not
perpendicular to the plane of the base circle KHLG, then AF will not be the axis of the
parabola but it will still be a diameter (Apollonius, Book 1, Prop. 7). BCand FL will still
be ordinates with respect to AF, but they will not be perpendicular to AF (they will
still appear as in Figure 18). The previous discussion of Figure 12 remains valid since it
depended only on having a series of parallel circular sections which produce a series a
geometric means. AB is still proportional to BC®. The form of the equations remains
the same. The same is true for ellipses and hyperbolas. Ratio and similarity are more
flexible and general than they often appear in our usual curriculum.
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F. Exercises

Try this (1). Prove all the results in section B, in Euclidean style. What
axioms/ postulates should you use?

For the next problems, use modern coordinate geometry.

Try this (2). Let C be a curve in the plane z=1 defined by a polynomial (in x and y.) For
example, the curve defined by the equations x* + y* =1 and z=1 is a unit circle in
the plane z=1, and it is defined by a polynomial of degree 2. Multiply each term by a
power of z so that each term has degree 2. (It may be the 0" power. This is called
homogenizing the curve. It produces a homogeneous equation, in which all terms
have the same degree.) In the circle example, you get x* + y* = z*. A cone on any

plane curve is defined to be the set of points on all lines connecting points on the
curve with a vertex not in the plane. Explain why the homogenized equation for C is
the cone on C with vertex (0,0,0).

Try this (3). Find an equation for an oblique cone on a circle in which the vertex is
directly above (or below) a point on the circle.

Try this (4). (Requires a serious course in linear algebra, including eigenvalues and
diagonalization of quadratic forms.) Use the cone in [Try this (3). Prove thatitisa
right cone on an ellipse, and give the ellipse and its plane explicitly. (Once you have
set up the problem, a computer algebra system, such as Maple or Mathematica, is
highly recommended. The calculations are pretty horrendous.)
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